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ABSTRACT: The emergence of the complex Frank-Kasper
phases from binary mixtures of AB diblock copolymers is
studied using the self-consistent field theory. The relative
stability of different ordered phases, including the Frank-
Kasper σ and A15 phases containing nonspherical minority
domains with different sizes, is examined by a comparison of
their free energy. The resulting phase diagrams reveal that the
σ phase occupies a large region in the phase space of the
system. The formation mechanism of the σ phase is elucidated
by the distribution of the two diblock copolymers with
different lengths and compositions. In particular, the
segregation of the two types of copolymers, occurring among different domains and within each domain, provides a mechanism
to regulate the size and shape of the minority domains, thus enhancing the stability of the Frank-Kasper phases. These findings
provide insight into understanding the formation of the Frank-Kasper phases in soft matter systems and a simple route to obtain
complex ordered phases using block copolymer blends.

The Frank-Kasper (FK) phases, also known as tetrahedrally
closed packed phases, are a class of complex crystalline

structures possessing large unit cells with many nonequivalent
lattice sites within the cell.1 One example is the FK σ phase,
which has a giant unit cell containing 30 lattice sites belonging
to five nonequivalent types (Figure 1). Initially, the FK phases
were discovered in metallic alloys.2 Recently, the FK phases

have been attracting renewed attention due to the observation
of them in soft condensed matter systems including
amphiphilic superbranched liquid crystals,3,4 molecular amphi-
philes composed of nanoscale cubes,5 linear tetrablock
terpolymer,6 and conformational-asymmetric diblock copoly-
mers.7 These studies have motivated a number of theoretical
studies.8−12 Understanding the formation mechanism of the FK
phases in soft matter systems presents a challenge to the soft
matter community.3,6−11,13,14

The FK phases are originally found in metallic alloys with
large and small atoms.1 It is natural to expect that this rule
applies to soft matter systems as well, in which the soft FK
phases would possess large and small domains (Figure 1).8−11

In an insightful paper,7 Lee et al. argued that the break of the
spherical symmetry of the minority domains holds the key to
understand the formation of domains with different non-
spherical shapes. This mechanism stems from the competition
between the tendency to form spherical domains and the need
to uniformly fill the space under the constraint of the crystalline
lattice, resulting in the formation of different spherical phases.
Furthermore, they proposed that the transition from BCC to
the FK-σ phase is mediated by mass exchange between
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Figure 1. (a) Oblique (left) and top (right) views of a unit cell for the
σ phase from the binary blend of AB diblock copolymers with lengths
N1 and N2, respectively. γ = N2/N1 is introduced to quantify the length
ratio. The minority domains within the cell are obtained from
isosurface plots of ϕA(r) = 0.5. The five types of domains are shown in
different colors. The cell dimensions are l1 = l2 ≠ l3, as dictated by the
P42/mnm symmetry of the structure. (b) Plots of the five polyhedral
Wigner-Seitz cells of the five types of domains.
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domains, resulting in the favorable distribution of domain sizes
and shapes. Based on these arguments, it has been established
that the deformability of the minority domains could be
enhanced by forming large minority domains, whereas large
domains could be realized in conformation-asymmetric diblock
copolymers8,9,11 or in multiblock copolymers.6,7,10,12,14 A
general rule for the self-assembly of soft FK phases emerged
from these studies is the formation of minority domains of
different size and shape accommodating the geometrical
environment of the complex crystalline lattices with non-
equivalent lattice sites. On the other hand, mechanisms for the
formation of nonspherical domains of different sizes have not
been clearly identified.
In this letter, the formation of the FK phases from binary

mixtures of AB diblock copolymers with different lengths and
compositions is studied theoretically. The phase behavior of
binary mixtures of AB diblock copolymers has attracted
considerable experimental15−17 and theoretical18−20 attention
in the past years. The previous studies demonstrated that
diblock copolymer blends exhibit complex phase behavior,
however, most of them focused on the commonly observed
diblock copolymer phases. The possibility of complex spherical
phases such as the FK σ and A15 had never been explored. The
current study reveals that, with proper chain lengths and
compositions, the FK phases occupy a large region in the phase
space (Figure 2). Therefore, the self-assembly of this simple
system provides a novel route to stabilize the complex FK

phases, in particular the σ phase. More importantly, the study
reveals an explicit mechanism to regulate the size and shape of
the minority domains utilizing inhomogeneous distribution of
the two types of diblock copolymers in the ordered structures
(Figure 3). Specifically, the segregation of different diblocks

among the domains would lead to the formation of domains
with different sizes, whereas their segregation within a domain
would result in nonspherical domains.
The model system is a binary mixture of AB diblock

copolymers, A1B1 and A2B2, with chain length Ni and block
ratio of the A-block f i (i = 1, 2). The A and B monomers have
unique Kuhn length (bα) and monomer density (ρ0α), of which
the pure conformation-symmetric diblock copolymer is not
able to form the FK-σ phase.9 N1 = N is chosen as a reference
length, and γ = N2/N1 quantifies the length ratio. The
interaction between the A and B monomers is given by the
Flory−Huggins parameter χ. For this binary blend, its phase
behavior depends on five parameters, χN, f1, γ, f 2, and ϕ1,
where ϕ1 is the volume fraction of A1B1 in the mixture. We
choose χN = 40 and f1 = 0.15, such that the equilibrium phase
of A1B1 is the BCC phase,21 and examine the effects of γ, f 2, and
ϕ1 on the phase behavior of the blends using self-consistent
field theory (SCFT). Although SCFT is based on the Gaussian-
chain model and the mean field treatment, it has become one of
the most powerful methods to examine the phase behavior of
inhomogeneous polymers.22,23

Specifically, extensive SCFT calculations have been carried
out for two specific cases to illustrate the emergence and
stabilization mechanism of the σ phase quantitatively. In the
first case (Case 1), the two diblocks are assumed to have the
same majority blocks (NB,1 = NB,2 = (1 − f1)N = 0.85N) and the
phase behavior of the blends is examined in the NA,2−ϕ1 or
equivalently the γ−ϕ1 plane since NA,2 = (γ − 0.85)N in this
case. In the second case (Case 2), the minority block of the
second diblock is fixed at NA,2 = 0.45N and the phase behavior
of the blends is examined in the NB,2−ϕ1 or equivalently the γ−
ϕ1 plane since NB,2 = (γ − 0.45)N in the second case. For these
two cases, the phase diagrams in the γ−ϕ1 plane are shown in
Figure 2, where the phase boundaries are determined using the
pseudospectral method24,25 of SCFT26,27 formulated in the
grand canonical ensemble.28 Details of the SCFT formulation
are provided in the Supporting Information.

Figure 2. Phase diagrams in the γ−ϕ1 plane for the binary blends of
AB diblock copolymers with χN = 40 and f1 = 0.15: (a) NB,2 = NB,1 =
0.85N; (b) NA,2 = 0.45N. The symbols are the transition points
determined from SCFT calculations. The solid lines are a guide for the
eyes. The label of two-phase denotes the noticeable coexistence region
of two neighboring phases.

Figure 3. Density plots demonstrating the segregation of two different
diblock copolymers within each domain for illustrating the mechanism
of regulating the shape of minority domains: (a) segregation along the
radial direction exhibiting anisotropic “core-shell” structures; (b, c)
segregation at the interfaces shown by the two-dimensional and three-
dimensional distribution of the joint points of the A1B1 diblocks. The
color spectrum from blue to red indicates the density of joint points of
ϕ1q(r, f1)q

†(r, f1)/Q1 from low to high.
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The first noticeable result from the theoretical results (Figure
2) is that, with proper compositions, the σ phase occupies a
large region in the phase space and the A15 phase could
become stable as well. In the phase diagram of Figure 2a with
NB,1 = NB,2 = 0.85N (Case 1), γ = 1 corresponds to a diblock
copolymer melt exhibiting a BCC phase at χN = 40 and f1 =
0.15. An increase in γ corresponds to cases with longer minority
A-blocks since NA,2 = (γ − 0.85)N and NA,1 = 0.15N. It is
expected that the addition of longer A2 blocks will swell the
domains, resulting in anisotropic “core-shell” structures, thus
drives BCC to transform into the σ phase. Indeed, when γ > 1.2,
the σ phase starts to become stable. The stability region of the σ
phase expands rapidly in the region of 1.2 < γ < 1.5, reaching an
approximately constant width of 0.6 ≲ ϕ1 ≲ 0.95 at γ ≳ 1.8.
Meanwhile, the A15 phase starts to become stable just below
the σ phase when γ ≳ 1.8.
In Case 2, NA,2 = 0.45N is intentionally chosen to be

significantly longer than NA,1 = 0.15N to facilitate the formation
of a “core-shell” distribution of the two A-blocks in each A
domain. In the phase diagram of Figure 2b, an increase in γ
corresponds to an increase in NB,2 = (γ − 0.45)N. A noticeable
region of the σ phase, albeit narrower than that in Case 1, is
again found in the phase diagram. This observation indicates
that the length of the A-blocks provides a more effective
mechanism to regulate the stability of the σ phase. Moreover,
these results reveal that the addition of a small amount (a few
percent) of the long A2B2 is enough to drive the transition from
BCC to the σ phase. This surprising theoretical prediction
provides a novel and simple route to obtain the FK phases.
The FK phases are characterized by the presence of domains

of different sizes and shapes within their unit cells. The
nonsphericity of domains could be quantified by the
isoperimetric quotient (IQ), IQ = 36πV2/S3, where V and S
are the domain volume and area (Figure 1).7 The formation of
domains with different sizes and shapes from binary blends of
AB diblocks stems from two mechanisms. The first and obvious
mechanism is due to the different lengths of the minority A-
blocks. The presence of long and short A-blocks would favor
the formation of large domains with a core−shell structure via
local segregation along the radial direction, in which the “core”
is mainly constituted by the long A blocks, whereas the “shell”
is mainly formed by the short A blocks. This core−shell
structure could be quantitatively determined from the SCFT
results, as shown in Figure 3a and Figure S2, in agreement with
previous theoretical studies.18−20 The formation of large
minority domains would favor the formation of the FK phases.
Indeed, larger polydispersity of the blocks in the cores than
those in the coronas is roughly equivalent to the conforma-
tional asymmetry and, thus, reduces the entropy loss with chain
stretching of the core, making it easier to deform. The similar
effect of polydispersity has been proposed in binary brushes.29

The second, perhaps more subtle and more interesting,
mechanism is due to the inhomogeneous distribution of the
two diblocks. First of all, the concentration of the two diblocks
in each domain could be different, providing a mechanism to
regulate the size of the domains. For example, addition of the
more symmetric copolymer increases the relative size of the
domains with respect to the unit cell volume, because more
symmetric diblocks prefer less curved interfaces. Second, the
two diblocks could segregate within a domain, providing a
mechanism to regulate the shape of the domains. That is, the
interface region with higher concentration of the more
asymmetric copolymers would have a larger curvature, resulting

in nonspherical domains. The formation of minority domains
with different sizes and shapes would be beneficial to the
formation of the FK phases.
The availability of the SCFT solutions for different ordered

phases allows a quantitative examination of the suggested
mechanisms related to the segregation of the two diblocks.
Specifically, the local concentration and segment distribution
could be computed from the propagators, which are solutions
of the modified diffusion equations in the self-consistent
fields.22,26,27 In order to be specific, we focus on a line of γ = 1.7
in the phase diagram shown in Figure 2a, along with the stable
phase of the binary blends changes from BCC to the σ and
finally to the cylindrical (C) phase as the total concentration of
A1B1 is decreased from 1 to 0.5. At each concentration, the
volume of the five different domains and the local
concentration of A1 block within each domain are calculated
from the SCFT solutions. The results are presented in Figure 4.

The volume Vi of the ith domain is measured by the volume
inside the density isosurface at ϕA(r) = 0.5. An obvious result
shown in Figure 4 is that, generically, all the minority domains
become larger when ϕ1 is decreased from ϕ1 = 1 or when more
longer A2B2 diblocks are added. This result is consistent with
the argument that larger domain sizes would favor the
formation of complex spherical phases. In addition, the local
concentration of A1 blocks within each domain, φi, reveals that
the size of different domains is correlated with the
concentration. These results provide direct evidence that the
redistribution of the different diblock copolymers drives the
formation of domains with different sizes, thus facilitating the
formation of the complex FK phases.
We now turn to the segregation of the two different diblocks

within each domain and present a quantitative correlation
between their local segregation and nonsphericity of the
domains. The basic idea is that, if the two diblock copolymers
are randomly mixed at the interfaces, the interfaces would have
a constant spontaneous curvature favoring the formation of
spherical domains. Deformation of these spherical domains
would have an energetic penalty. On the other hand, the
segregation of the two diblocks at the interfaces would lead to
inhomogeneous interfacial curvature favoring the formation of
nonspherical domains. Therefore, segregation of block
copolymers within a domain provides a mechanism to regulate
its shape. A calculation of the local concentration of the
different diblocks at the interfaces would provide direct
evidence of this mechanism. Thus, the distribution of the
joint point of A1B1, ϕ1q(r, f1)q

†(r, f1)/Q1, at the A/B interfaces

Figure 4. Volume Vi of five nonequivalent domains relative to the unit-
cell volume Vcell, Vi/Vcell (i = 1, 2, ..., 5), and concentrations of the A1
blocks inside these domains, φi, for the σ phase, as a function of ϕ1
along the phase path of γ = 1.7 in Figure 2a.
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at γ = 1.7 and ϕ1 = 0.6, has been calculated. At this point of the
phase space, f1 = 0.15 for A1B1 and f 2 = 0.5 for A2B2, and the σ
phase is the equilibrium one. The density profile of the joint
points along the interfaces is presented in Figure 3b,c for the
five types of domains, which indicates that the distribution of
the diblocks at the interfaces is noticeably nonuniform. The
results directly reveal that the more asymmetric A1B1 diblocks
are segregated to the regions of higher curvatures, whereas the
more symmetric A2B2 diblocks are more enriched in the lower
curvature area. The nonuniform copolymer distribution
correlates perfectly with the local curvature of the interfaces.
In conclusion, the phase behavior of binary mixtures of AB

diblock copolymers has been examined using extensive SCFT
calculations. Phase diagrams of the binary blends in the
interested phase space have been constructed (Figure 2 for χN
= 40 and Figure S3 for χN = 20). Starting from a BCC-forming
diblock copolymer, it is discovered that the addition of a small
amount of a second diblock copolymer with longer minority A-
blocks leads to the formation of the FK phases. In particular, for
a diblock copolymers with χN = 40 and f = 0.15, the addition of
a second diblock with longer A blocks results in a phase
transition sequence of BCC → σ →A15 → C (e.g., Figure 2
with γ = 1.9). It is interesting to note that this phase sequence is
generally observed in a number of soft matter systems.3−7 The
phase diagrams exhibit a surprisingly large stable region for the
σ phase. These theoretical predictions not only demonstrate the
proposed formation mechanism of the FK phases by Bates and
co-workers7 in a quantitative manner, but also suggest a robust
yet simple route to obtain the complex FK phases using simple
binary blends, in contrast to traditional routes using specifically
synthesized block copolymers. In particular, the redistribution
of the diblock copolymers via local segregation plays a dual role
in controlling the domain size and shape. The segregation
among different domains favors the formation of domains of
different sizes, whereas the segregation within a domain helps
the formation of domains with nonspherical shapes.
Note that the formation of the σ phase in pure copolymer

systems usually needs a long annealing time for the process of
mass exchange between domains.6,7 Importantly, our results in
Figures 2 and S3 suggest that the formation of the σ phase in
the binary blend is insensitive to the segregation degree. This
implies that the kinetics of mass exchange could be speeded up
by increasing the diffusion constant of polymer chain via
lowering molecular weights. Furthermore, for the copolymers
with temperature-insensitive χ (e.g., PS-b-PMMA), the
diffusion constant can be increased further by raising the
annealing temperature without changing the stability region of
the desired σ phase. In brief, the concept that the self-assembly
of tailored polydisperse block copolymers leads to the
formation of complex ordered phases can be extended to
other complex structures, for example, bicontinuous network
structures beyond the gyroid phase.30−32
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